Compact moduli for certain Kodaira fibrations by Rollenske, Sönke
ar
X
iv
:0
90
5.
25
36
v2
  [
ma
th.
AG
]  
30
 O
ct 
20
09
COMPACT MODULI FOR CERTAIN KODAIRA
FIBRATIONS
SÖNKE ROLLENSKE
Abstrat. We desribe expliitly the possible degenerations of a lass
of double Kodaira brations in the moduli spae of stable surfaes. Using
deformation theory we also show that under some assumptions we get
a onneted omponent of the moduli spae of stable surfaes.
Introdution
It is a general fat that moduli spaes of nie objets in algebrai geometry,
say smooth varieties, are often non-ompat. But usually there is a modular
ompatiation where the boundary points orrespond to related but more
ompliated objets.
Suh a modular ompatiation has been known for the moduli spae
Mg of smooth urves of genus g for a long time and in [KSB88℄ Kollár and
Shepherd-Barron made the rst step towards the onstrution of a modular
ompatiation M for the moduli spae M of surfaes of general type via
so alled stable surfaes; the boundary points arise from a stable redution
proedure.
But even 20 years later very few expliit desriptions of ompat ompo-
nents of M have been published. The main idea in all approahes is to relate
the omponent of the moduli spae one wishes to study to some other moduli
spae, where a suitable ompatiation is known. Produts of urves and
surfaes isogenous to a produt of urves have been treated by van Opstall
[vO05, vO06℄ and a reent paper of Alexeev and Pardini [AP09℄ studies Bur-
niat and Campedelli surfaes relating them to hyperplane arrangements in
(a blow-up of) P2.
The aim of this paper is to study the irreduible resp. onneted ompo-
nents of the moduli spae of stable surfaes ontaining very simple Galois
double Kodaira brations (see Setion 1.3 for the preise denition) and we
do this in 2 steps: rst we give an expliit desription of the stable degen-
erations and then we study their deformations to show if we get onneted
omponents of M.
The starting point of our study is a joint paper with Fabrizio Catanese
where we showed that the moduli spae of suh (and more general) surfaes
an be identied with the moduli spae of ertain urves with automorphisms
and yields onneted omponents of the moduli spae of surfaes of general
type.
The surfaes we are interested in are ramied overs ψ : S → C1 × C2 of
produts of urves and we have preise ontrol over the branh divisor B.
2000 Mathematis Subje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This enables us to perform the stable redution proedure expliitly, rst
for the pair (C1 × C2, B) in Setion 2.2 and then for the Kodaira brations
themselves in Setion 2.3. It turns out that degenerations that our are loal
omplete intersetions and their normalisation is smooth (Theorem 2.7).
In Setion 3 we use deformation theory to study the sheme struture of
the moduli spae. We show that the deformations of standard Kodaira bra-
tions are unobstruted and are exatly the ones desribed in [CR09℄ if some
ohomology groups naturally assoiated to the overing ψ vanish (Theorem
3.4). Under similar assumptions we are able to ontrol all deformations of
the degenerations (Theorem 3.11). In a speial ase the assumptions are
easy to hek and we get
Corollary 3.12 If ψ : X → C×C is a smooth very simple Kodaira bra-
tion suh that ψ is a yli overing and let N be the irreduible omponent
of the moduli spae of surfaes of general type ontaining (the lass of) X.
Then the losure of the omponent N ⊂M is a onneted omponent of M.
A rather dierent and less expliit approah to the onstrution of a om-
pat moduli spae for bred surfaes has been desribed by Abramovih and
Vistoli [AV00℄.
Aknowledgements: Numerous people answered questions onerning par-
tiular parts of this artile, inluding Paolo Casini, Alessio Corti, Do-
natella Iaono, Sándor Kovás, Mihael Lönne and Thomas Peternell. Spe-
ial thanks goes to Fabrizio Catanese for suggesting Lemma 2.5. A request of
the referee enouraged me to push through the alulations in Setion 3.2.2
that lead to Theorem 3.11. Part of this work was written during a stay at
Imperial College London supported by a Forshungsstipendium of the DFG.
The author was also supported by the Hausdor Centre for Mathematis
in Bonn. The DFG-Forshergruppe Classiation of algebrai surfaes and
ompat omplex manifolds made a visit to Bayreuth possible.
1. Preparations
1.1. Stable surfaes and some other moduli spaes. We will start this
setion by listing some (oarse) moduli spaes that we will use in the sequel,
mainly to x the notation, and give referenes to where a onstrution and
more information an be found. The moduli spae of (smoothable) stable
surfaes will be disussed a bit more in detail.
• Let Mg be the moduli spae of smooth projetive urves of genus
g and Mg the moduli spae stable urve (see e.g. [HM98℄).
• The orresponding moduli spaesMg(G) andMg(G) parametrising
smooth resp. stable urves together with a xed group of automor-
phisms. The moduli spae Mg(G) is nite over a losed subvariety
of the moduli spae of urves and the tangent spae at a point [C]
is Ext1(ΩC ,OC)
G
(see [Tuf93℄ and also [vO06, Prop. 2.9℄).
• The quasi-projetive oarse moduli spae Ma,b of anonially po-
larised surfaes of general type with anonial singularities and xed
invariants a = K2S , b = χ(OS) onstruted by Gieseker [Gie77℄. We
denote by M the disjoint union of all Ma,b.
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• The moduli spae of stable surfaes M = M
st
, whih ontains M
as an open (but not dense) subset. Its onstrution goes bak to
Kollár and Shepherd-Barron [KSB88℄, and we will give some more
details below. We denote by M
sm
the losure of M in M and all
it the moduli spae of smoothable surfaes of general type.
Note that, stritly speaking, a surfae in M
sm
need not to be smoothable in
the ordinary sense  we only ask that some small deformation has anonial
singularities.
In analogy to the ase of urves we need to dene a lass of singular sur-
faes that is big enough to allow for ompat moduli spaes. It is onvenient
to rst reall the denition of log-anonial singularity. We will need this
notion also for pairs.
Denition 1.1 Let X be a normal surfae and B ⊂ X a (possibly empty)
Q-Weil-divisor suh that the log-anonial divisor KX +B is Q-Cartier. Let
π : X˜ → X be a log-resolution of singularities. In other words, X˜ is smooth
and denoting the strit transform of B with B˜ and the exeptional divisor
with E =
∑
iEi, the sum B˜ + E is a global normal rossing divisor. Then
the pair (X,B) is alled log-anonial (l) resp. anonial if in the expression
KX˜ + B˜ ≡ π
∗(KX +B) +
∑
aiEi
all ai ≥ −1 resp. ai ≥ 0.
Canonial surfae singularities without boundary are exatly rational dou-
ble points. The notion we are aiming at is some kind of non-normal analog
of log-anonial singularities.
Denition 1.2 Let S be a projetive surfae and B =
∑
biBi an eetive
Q-Weil divisor on S with oeients 0 < bj ≤ 1.
The pair (S,B) is said to have sl singularities if
(i) S is Cohen-Maaulay,
(ii) S has at most normal rossing singularities in odimension 1 and
B does not ontain any omponent of the normal rossing lous,
(iii) KS +B is Q-Cartier,
(iv) denoting by ν : Xν → X the normalisation, the pair
(Xν , (double lous) + ν−1B)
is log anonial. By double lous we mean the preimage of the 1-
dimensional part of X
sing
, whih outside a nite number of points
oinides with the normal rossing lous.
The pair (S,B) is alled stable if it has sl singularities and the Q-line bundle
KS +B is ample.
The original denition was posed in [KSB88, Setion 4℄ where one an also
nd a lassiation in the ase B = 0.
In the onstrution of the moduli spae, espeially if one wants to parametrise
pairs, several tehnial issues arise, see [Kov05℄ or [Ale08℄ for an overview.
In partiular, it turns out that one has to restrit the families that are
allowed in the moduli-funtor if one wants the basi invariants to remain
onstant in a family. As usual, we dene the reexive powers of a sheaf F
by F [n] := (F⊗ n)∗∗.
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Denition 1.3  A morphism f : (X , B) → ∆ is alled a weakly stable
family of stable surfaes if
(i) f and f |B are at and projetive and f has onneted bres,
(ii) ωX/∆ +B is a relatively ample Q-line bundle,
(iii) For all t ∈ ∆, the bre Xt is a stable surfae.
If B = 0 and in addition we have
(iv) (Kollár's ondition) For all t ∈ ∆, k ∈ Z, taking reexive powers
ommutes with base-hange, that is ω
[k]
X/∆|Xt
∼= ω
[k]
Xt
.
then f : X → ∆ is alled admissible family of stable surfaes.
Sine we are interested only in degenerations of smooth surfaes, we will
usually assume that ∆ is a smooth urve and that the general bre of f is
anonial.
A reent onstrution of M using staks an be found in [AH09℄, inluding
a proof that M
sm
is projetive. The bigger moduli spae of stable surfaes
should also be projetive but I do not know a suitable referene for this. In
partiular stable redution as explained in the next setion seems not to be
known for arbitrary admissible families of stable surfaes.
1.2. Constrution of the boundary points. We need to desribe how
to obtain surfaes orresponding to the boundary points in M
sm
\ M as
degenerations of smooth surfaes. Let ∆ be the unit dis and ∆∗ = ∆ \ {0}.
We will need the onstrution also for of families of log-surfaes.
Suppose we have a family of log-surfaes f0 : (X 0, B0) → ∆∗, that is,
both f0 and f0|B0 are at, projetive maps and for eah t ∈ ∆
∗
the bre
(X 0t , B
0
t ) is a log-surfae. Suppose in addition that
• all bres X 0t are anonial,
• KX 0/∆∗ +B
0
is a relatively ample Q-line bundle.
Then one onstruts the degeneration of this family in the following steps
(see [KM98, Theorem 7.62℄):
(i) Choose any extension of f0 to a projetive morphism f : (X¯ , B¯)→
∆.
(ii) Apply the semi-stable redution theorem to a log-resolution of (X¯ , B¯)
obtaining, possibly after a nite pullbak ramied only over the en-
tral bre and normalisation, a family of log-surfaes (X˜ , B˜) → ∆
suh that the total spae is smooth, (X˜ , B˜ + X˜0) is log anonial
and K
X˜/∆ + B˜ is relatively big over ∆.
(iii) Now let f : (X , B) → ∆ be the relative log-anonial model of
(X˜ , B˜), whose existene is guaranteed by the log-minimal model
program.
The resulting family is, due to the possible pullbak, not unique but the
entral bre is; we all it the stable degeneration of the family f0.
If some of the oeients of B are stritly smaller than 1 then there
are examples due to Hassett [Ale08, Example 5.1℄ whih show that B0 an
have embedded points so we do not obtain a family of log-surfaes. These
problems do not our, if B is an integral divisor [Has01℄ or if there is no
boundary. More general results have been obtained by Alexeev [Ale08℄.
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1.3. Very simple Galois Kodaira Fibrations. We will now introdue
the lass of surfaes of general type that we are interested in. In this setion
all surfaes and urves are smooth.
Denition 1.4  A Kodaira bration is a smooth bration ψ1 : S → C1
of a ompat omplex surfae over a ompat omplex urve, whih is not a
holomorphi bre bundle.
S is alled a double Kodaira bred surfae if it admits a double Kodaira
bration, i.e., a surjetive holomorphi map ψ : S → C1 × C2 yielding two
Kodaira brations ψi : S → Ci (i = 1, 2).
Let B ⊂ C1 × C2 be the branh divisor of ψ. If B is smooth and both
projetions prCj |B : B → Cj are étale we all ψ : S → C1 × C2 a double
étale Kodaira bration.
If the ramied over ψ is Galois, i.e., the quotient map for the ation of
a nite group, we all S a Galois double Kodaira bration.
It is not diult to see that if S → C1 × C2 is a double Kodaira surfae
then the genus of Ci is at least 2 and thus S is a surfae of general type.
A situation in whih the branh divisor is partiularly easy to handle is the
following.
Denition 1.5  A double étale Kodaira bration ψ : S → C1 × C2 is
alled very simple if C1 = C2 = C and the branh divisor is a disjoint union
of graphs of automorphisms of C. It is alled standard, if there is an étale
map φ : C × C → C1 × C2 suh that φ
∗S → C × C is very simple.
Remark 1.6  It is yet unlear whether every double étale Kodaira bration
is standard: let B ⊂ C1 × C2 be a divisor in a produt of 2 urves mapping
étale to both sides. By taking C˜1 → C1 to be a Galois over dominating all
omponents of B we obtain after pullbak that B˜ ⊂ C˜1 ×C2 is omposed of
graphs of étale maps. But it is not at all lear that after further pullbak we
an arrive at graphs of automorphisms. On the other hand we do not know
of an expliit example where this is not possible.
In [CR09℄ we desribed an eetive method of onstrution for Galois
double Kodaira brations. Essentially, given two urve C1, C2 and a branh
divisor B ⊂ C1×C2 mapping étale to both urves we an onstrut plenty of
Galois double Kodaira bration (after nite étale pullbak). This generalises
a lassial onstrution used by Kodaira and Atiyah to give examples of bre
bundles where the signature is not mutlipliative (see [BHPV℄, Setion V.14).
The basi idea is as follows: assume that we have a urve C of genus at least
2 and a group H ating on C without xed points. Then the graphs of the
automorphisms do not interset and B =
⋃
φ∈H Γφ is a smooth divisor in
C×C. After a suitable pullbak π : C˜×C → C×C the divisor π∗B will be
divisible in Pic(C˜ × C) and we get a Kodaira bration as a yli overing.
With a further pullbak we an make the branh divisor into a union of
graphs of automorphisms again, obtaining a very simple Kodaira bration.
We were able to give a very expliit desription of the moduli spae of
suh surfaes. Let M
KF ⊂M be the subset of the moduli spae of surfaes
of general type ontaining very simple Galois Kodaira brations and M
KF
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its losure in the moduli spae of stable surfae. If S is a very simple Ko-
daira bration then we denote by M
KF
S the onneted omponent of M
KF
ontaining (the lass of) S.
Theorem 1.7 ([CR09℄, Theorem 6.5)  Let ψ : S → C × C be a very
simple Galois Kodaira bration, S ⊂ Aut(C) suh that the branh divisor
B =
∑
σ∈S Γσ. Let H be the subgroup of Aut(C) generated by S. Then
M
KF
S is a onneted omponent of the moduli spae of surfaes of general
type and there is a natural map Mg(C)(H)→M
KF
S that is an isomorphism
on geometri points.
In other words, any atual family of urves with the presribed automor-
phism group gives rise to a family of Kodaira brations but we annot detet
obstruted deformations, or additional automorphisms of S that do not pre-
serve the map ψ. The original theorem is formulated for standard Kodaira
brations but we will only need this simple form. The issue of the sheme
struture of M
KF
will be addressed in Setion 3.
2. Degenerations of very simple Galois Kodaira fibrations
2.1. Quotient families. We start with some general onsiderations. Let
f : X → Y be a Galois over with ramiation divisor R ⊂ X and branh
divisor B ⊂ Y . By the Hurwitz formula we have KX = f
∗KY +
∑
i(νi−1)Ri
where νi is the ramiation order along Ri. Sine the overing is Galois two
omponents of R that map to the same omponent of B have the same
ramiation order and thus we an write KX = f
∗(KY +
∑
j
νj−1
νj
Bj). This
allows us to ompare the numerial properties of KX and the Q-divisor
KY +
∑
j
νj−1
νj
Bj .
Lemma 2.1  Let ∆ be a smooth urve, f : X → ∆ be a at, projetive
family of surfaes together with an ation of a nite group G preserving the
bres. Consider the quotient family
X
pi //
f

??
??
??
??
X/G = Y
g
zzuu
uu
uu
uu
uu
∆
and let B ⊂ Y be the branh divisor, that is, the divisorial part of the branh
lous, with the appropriate multipliities suh that KX/∆ = π
∗(KY/∆ + B).
If X → ∆ is a weakly stable family of stable surfaes then so is (Y,B)→ ∆.
Proof. Sine G ats brewise, every irreduible omponent of X dominates
∆ if and only if every irreduible omponent of Y does and thus, by [Har77,
Proposition III.9.7℄, f is at if and only if g is. The same is true for proje-
tivity.
Let πt : Xt → Yt be the restrition of π to some bre, x ∈ Xt and y = πt(x).
By onstrution we get an inlusion of loal rings OYt,y →֒ OXt,x. Indeed,
if Gx is the stabiliser of x in G then OYt,y = O
Gx
Xt,x
. Sine we assumed Xt
to be redued and Cohen-Maaulay the same holds for Yt where the seond
property is proved via an averaging argument for a regular sequene.
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In order to prove that g is a weakly stable family we also need to show
that the branh divisor B is at over ∆ whih amounts to the fat that π
is not ramied along any irreduible omponent of any bre. But for every
t ∈ ∆ the map Xt → Yt is at by base-hange and sine all bres of f are
redued it an not be ramied along any irreduible omponent by generi
smoothness.
By [AP09, Lemma 4.3℄ the bre Xt is sl if and only if the pair (Yt,Bt) is
sl and in partiular it makes sense to ask if KY/∆ + B is relatively ample.
This follows from the Nakai-Moishezon riterion: if C is a urve ontained
in a bre of g then
(KY/∆ + B).C =
1
|G|
π∗(KY/∆ + B).π
∗C =
1
|G|
KX/∆.π
∗C > 0
beause KX/∆ is relatively ample. Also (KYt +Bt)
2 = 1/|G|K2Xt > 0 and we
see that KY/∆ + B is relatively ample as well whih onludes the proof. 
The above Lemma enables us to relate degenerations of very simple Ko-
daira brations to a situation we ontrol better.
Proposition 2.2  Let ∆∗ be the pointed disk and let f0 : X 0 → ∆∗ be
an admissible family of Galois double Kodaira brations with Galois group
G. Then, possibly after a nite pullbak, there are two families of urves
Ci → ∆
∗
tting in the diagram
X 0
pi //
f
!!B
BB
BB
BB
B
X 0/G = C1 × C2
g
wwpp
pp
pp
pp
pp
p
∆∗
.
Denoting by B0 ⊂ C1 × C2 the branh divisor of π (with the appropriate
multipliities) the stable degeneration of f is a ramied over of the stable
degeneration of the family of log-surfaes g : (C1 × C2,B
0)→ ∆∗.
Proof. Sine the Galois group G is nite and its ation on the dierentiable
manifold underlying the bres Xt (t 6= 0) is xed, possibly after a nite étale
pullbak, the ation of G on the bres extends to a brewise ation of G on
the whole family X 0 suh that the quotient is a family of produts of urves
g0 : C1 × C2 → ∆
∗
.
Now let f : X → ∆ be a stable degeneration of f0. Using the same
argument as in the proof of the separatedness of the moduli spae (see e.g.
[Kov05, Corollary 5.15℄) we see that the ation of G on X 0 extends to the
whole family X . By Lemma 2.1 the quotient together with the branh divisor
is a weakly stable family g : (X/G,B) → ∆ of stable log-surfaes. But by
onstrution the families g and g0 oinide (up to nite étale pullbak) over
∆∗ and we get the laimed result beause the stable degeneration is unique
by separatedness. 
2.2. Stable redution of the family of pairs. We have seen above that
in order to understand sl degenerations of very simple Galois Kodaira bra-
tions we need to understand the stable redution of families of the following
type.
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Assumptions 2.3  Let f : C → ∆ be a family of stable urves over the
unit disk with smooth general bre suh that a group of automorphisms H
ats brewise on the bration f . Let S ⊂ H be a subset and let
B =
∑
φ∈S
λφΓφ ⊂ Y := C ×∆ C
be the union of the (brewise) graphs of the automorphisms in S with some
rational oeients 0 < λφ < 1. We further assume that on the general bre
the graphs of two dierent automorphisms do not interset.
We will now analyse the loal struture of (Y,B) and see that while it
is not stable itself (as soon as the entral bre is singular) only a simple
modiation is needed to stabilise it. Sine the general bre (Yt,Bt) onsists
of a smooth surfae ontaining a smooth Q-divisor we only have to onsider
the entral bre (Y0,B0).
If the boundary is empty then the entral bre is sl, the only singularities
exept normal rossings being degenerate usps:
Lemma 2.4  Consider the degenerate usp surfae singularity 0 ∈ Z =
SpecC[x1, . . . , x4]/(x1x2, x3x4) given by the produt of two 1-dimensional
nodes. Let A be a urve passing through 0 but not ontained in the double
lous. Then the pair (Z, λA) is sl if and only if λ = 0.
Proof. We work in the loal model desribed above and onsider the blow-up
π : Z˜ → Z in 0 inside C4 × P3. Sine Z is a one the exeptional divisor
E a yle of 4 lines in P3. Note that Z˜ is in fat semi-smooth and a good
semi-resolution of Z in the sense of [KSB88℄.
We an hoose A to be given by the ideal (x1, x2, x3−x4) and see that its
strit transform A˜ intersets E in a single point (0, (0 : 0 : 1 : −1)) and that
π∗A = A˜+ E. Let us now alulate disrepanies.
By the adjuntion formula we have
0 = (KZ˜ + E).E = (π
∗KZ + a0E + E).E = (a0 + 1)E
2,
thus a0 = −1, KZ˜ = π
∗KZ − E and the singularity is sl if there is no
boundary. If we add the boundary divisor we see that
KZ˜ + λA˜ = π
∗(KZ + λA)− (1 + λ)E
and the pair is not sl if λ 6= 0. 
It turns out that these are the only kind of non-sl points that an our
in the hosen degeneration:
Lemma 2.5  In the situation of 2.3 assume that we have two automor-
phisms φ 6= φ′ ∈ S suh that their graphs A := Γφ and A
′ := Γφ′ interset
in a point x = (p, q) ∈ C0 × C0 = Y0. Then p and q are both nodes and
(Y0, λA+ λ
′A′) is sl at x if and only if λ = λ′ = 0.
The automorphism φ′−1 ◦ φ preserves the loal branhes at p and the di-
visors A and A′ interset transversely on eah irreduible omponent of the
normalisation of Y0.
For the last statement it is atually enough to look at the irreduible
omponents of a small analyti neighbourhood of (p, q).
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Proof. By omposing both automorphisms with φ′−1 we an assume that
φ′ = id and p = q. In other words, the automorphism φ has a xed point at
p. We rst have to show that p annot be a smooth point of C0. Indeed, in
that ase the threefold Y is smooth in a neighbourhood of (p, p) and the two
divisors Γφ and Γid interset in a urve whih is ompletely ontained in the
entral bre Y0 by our assumptions. In other word φ ats as the identity on
some irreduible omponent C′0 of C0. Let p be a node where C
′
0 meets another
omponent. Loally around p the total spae is desribed by the equation
xy − tm = 0 in C3 where t is the oordinate on the base ∆ of the bration.
The (linearised) ation of φ is trivial on one omponent, say t = y = 0, and
preserves the bres and therefore φ∗ ats trivially on both x and t. Sine it
also has to preserve the equation it neessarily ats trivially on y and thus
also on the other omponent. Sine the urve is onneted φ = idC0 . But
this is a ontradition sine a non-trivial automorphism annot degenerate
to the identity and thus the graphs annot meet in a smooth point of Y0.
So assume now that p is a node of C0 and that φ interhanges the loal
branhes at p. In the loal model as above the (linearised) ation is given by
(x, y, t) 7→ (ζy, ζ−1x, t)
for some root of unity ζ 6= 1 beause the group H ats brewise and thus
leaves t xed while preserving the equation. But for small t 6= 0 there is
a non-trivial solution x to ζ−1x2 = tm and the point (x, ζ−1x, ζ−1x2) is a
xed point for the ation of φ whih ontradits the assumption that the
divisors are disjoint in the general bre. Thus φ = φ′−1 ◦ φ preserves the
loal branhes at p.
When restrited to one of the irreduible omponents (either in a neigh-
bourhood of (p, p) or on the normalisation) we are loally looking at the
intersetion of divisors given by x − y and x − ζy in C2 and thus their in-
tersetion is transverse. The statement on the singularity not being sl has
been proved in Lemma 2.4. 
We will now desribe the stable redution proedure (see Setion 1.2) in
the loal model where Y is given by (x1x2 − t, x3x4 − t) ⊂ C[x1, . . . , x4, t];
the total spae of C is smooth and the threefold Y has an isolated singularity
at the point x = (0, 0, 0, 0, 0). Blowing up this singular point we obtain a
smooth threefold Y˜ → Y. The entral bre is a normal rossing divisor, union
of the blow-up of Y0 desribed in the proof of Lemma 2.4 and the exeptional
divisor Q ∼= P1 × P1, whih are glued together along a the exeptional yle
of four lines as depited in Figure 1.
We may assume that all omponents of B0 = A1+ · · ·+Ak pass through x.
By Lemma 2.5 all orrresponding automorphisms preserve the loal branhes
at x and thus B0 is ontained in the union of the omponents t = x1 = x3 = 0
and t = x2 = x4 = 0. When we only look at one irreduible omponent the
Ai meet transversely at x; all branhes get separated after the blow-up and
the strit transform A˜ interset the double lous transversely; on the entral
omponent Q we get several parallel lines.
Denoting by Y˜0 the entral bre of Y˜ we see that the pair (Y˜0, B˜) is sl
and thus by inversion of adjuntion (Y˜, B˜+ Y˜0) is l as required. In order to
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Figure 1. Stable redution at a degenerate usp where 2
omponents of B0 meet.
to take the relative anonial model over ∆ we have to see on whih urves in
Y˜0 the log-anonial divisor KY˜0 + B˜0 is not positive or equivalently we an
look at the normalisation Y˜ν0 → Y˜0 and test the urves against the divisor
K
Y˜ν
0
+ ν∗B˜0 +D where D is the double lous.
Using that KY0 + B0 was ample we only need to look at the extra urves
obtained in the blow-up: the urves on the new omponent Q and on eah
of the 4 omponents of Y0 one exeptional urve oming from the blow up
of a smooth point.
Negleting the boundary for a moment let E′ be any omponent of the
exeptional yle of lines. Then by omputing on any omponent of Y˜ν0 we
see that K
Y˜0
trivial on E′. So we see that E′ will not be ontrated on the
log-anonial model if and only if the boundary divisor B0 intersets E
′
non-
trivially. Thus when going to the anonial model, the entral omponents
Q will be ontrated in one diretion to a P1 (see Figure 1).
The result in the more general ase where the surfae C has An singularities
an be obtained in a similar manner  the outome is the same.
A posteriori we get the following desription of the entral bre:
Proposition 2.6  Let (Yt,Bt)t∈∆∗ be a family as in 2.3 Then the stable
redution (Y0,B0) of this family an be obtained by the following reipe:
• Let C0 be the stable degeneration of Ct in Mg(H), ν : C˜0 → C0 the
normalisation and P ⊂ C0 the double points.
• Let D = C0 × P ∪ P × C0 be the double lous of the produt C0 × C0
and B′0 =
∑
φ∈S λφΓφ ⊂ C0 × C0 be the degeneration of Bt.
• On eah omponent of the normalisation C˜0× C˜0 blow up the points
where D¯ = (ν × ν)∗D meets the strit transform of B′0.
• To obtain Y0 glue everything together along the strit transform of D¯
together with the exeptional urves, B0 is then the strit transform
of B′0.
In short, eah degenerate usp that lies on B′0 is replaes by a P
1
ontaining
two singularities of loal type {x1x2x3 = 0} ⊂ A
3
.
The loal situation is shematially shown in Figure 2.
2.3. The struture of the degeneration. The results of the last subse-
tion allow us to desribe the degenerations of very simple Galois Kodaira
brations quite expliitly.
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Figure 2. Stable redution via the normalisation at a de-
generate usp where two omponents of B0 meet.
Theorem 2.7  The moduli spae M
KF
is a union of irreduible ompo-
nents of M
st
.
If X0 is a sl surfae orresponding to a point in M
KF
\MKF then
(i) There exists a stable urve C0 and two ompat omplex surfaes
Y0, Z0 tting in a ommutative diagram
X0
ψ
//
p˜i

Y0
pi

Z0
ψ˜
// C0 × C0
suh that:
• The surfae Y0 has sl singularities and π is proper and bira-
tional. The exeptional lous E of π is a disjoint union of P1
all of whih map to degenerate usp points in C0×C0.The map
ψ is a ramied overing.
• The surfae Z0 does not have sl singularities and the map ψ˜
is a ramied overing. The map π˜ is proper and birational and
ontrats the pullbak of the exeptional divisor of π.
(ii) If n denotes the number of irreduible omponent of C0 then X0
has at least n2 irreduible omponents. The normalisation of X0 is
a union of smooth surfaes, eah of whih is a (possibly) ramied
over of a produt of smooth urves blown up in a nite number of
points.
(iii) The singular points of X0 are loally isomorphi to one of the fol-
lowing 3 models:
• normal rossing in odimension 1,
• a degenerate usp SpecC[x1, . . . , x3]/(x1x2x3),
• a degenerate usp SpecC[x1, . . . , x4]/(x1x2, x3x4).
In partiular X0 is a loal omplete intersetion and hene Goren-
stein.
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Proof. The surfae X0 is in the boundary of M
KF
, so an be obtained as
the limit of a family of smooth very simple Galois Kodaira brations {ψt :
Xt → Ct × Ct}t∈∆∗ with overing group G. We set C0 to be the limit of Ct
in the moduli spae of stable urves. Then by Lemma 2.2 Y0 := X0/G is the
stable redution of the family of log surfaes (Ct × Ct, Bt) where Bt is the
branh divisor of ψt with appropriate multipliities; Y0 has been expliitly
desribed in Proposition 2.6 and this desription implies the rst part of (i).
Denoting the omplement of the degenerate usp points in C0×C0 with U
the G-over ψ indues a G-over over U . Then [AP09, Lemma 3.2℄ implies
that we an omplete this to a G-over ψ˜ : Z0 → C0 × C0. By Lemma
2.1 and Lemma 2.4 Z0 annot have sl singularities sine the ramiation
divisor neessarily passes through at least one node. The map π˜ is given by
the ontration of ψ∗E, the pullbak of the exeptional divisor of π.
Now we prove (ii). By Proposition 2.6 omponents of the branh divisor
on Y0 do not ome together in the limit, are smooth when restrited to a
omponent of the normalisation, and do not pass through the degenerate
usps. Therefore also the ramied overings of the omponents of the nor-
malisations are smooth and the number of irreduible omponents of X0 is
at least as big as for C0 × C0, hene at least n
2
.
For (iii) we only have to note that ψ is étale near the degenerate usps of
Y0, that have been desribed in Proposition 2.6. The ramiation meeting
the normal rossing lous does not introdue more singularities; again we
glue smooth omponents along a smooth urve. 
Remark 2.8  By denition a very simple Galois Kodaira bration is in
partiular a surfae bred over a urve and our desription shows that this
remains true in the limit. The omposition X0 → C0 × C0 → C0 realises
X0 as a bration over a stable urve with bres also stable urves. The
ombinatorial type of the bres, e.g., the number of irreduible omponents,
remains onstant on the onneted omponents of C0 \ Sing(C0) but an
hange when we pass through a node.
3. Deformations and the loal struture of the moduli spae
The germ of the moduli spae of surfaes of general type at a point [S] is
a quotient of the versal deformation spae DefS by Aut(S) (whih may not
at faithfully). Unfortunately the latter is very diult to ontrol so we will
only be able to obtain information on DefS in some ases. As a warm-up we
will rst onsider the ase of smooth double étale Kodaira brations before
moving on to the stable degenerations.
3.1. Deformations of S ∈ MKF . We start in a slightly more general set-
ting. Let ψ : X → Y be a nite, surjetive map of degree d between smooth
surfaes, B ⊂ Y the branh divisor of ψ and R ⊂ X the ramiation divisor.
We assume that both R and B are smooth. Our goal is to obtain informa-
tion about the deformations of X omparing them to the deformations of
the map ψ and these in turn to deformations of Y and the pair (Y,B).
As usual we denote the tangent (resp. obstrution) spae to the defor-
mation funtor with T
1
(resp. T
2
). The innitesimal automorphisms are
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denoted by T
0
. For example, the innitesimal deformations of X are las-
sied by T
1
X = Ext
1
X(ΩX ,OX) = H
1(X,TX) and the obstrutions lie in
T
2
X = H
2(X,TX). The main tool will be an exat sequene (see [Ran89℄)
where all relevant deformation spaes our:
(1) 0→ T0ψ → T
0
X ⊕T
0
Y → Ext
0
ψ(Ω
1
Y ,OX)→ T
1
ψ → T
1
X ⊕T
1
Y
→ Ext1ψ(Ω
1
Y ,OX)→ T
2
ψ → T
2
X ⊕T
2
Y → Ext
2
ψ(Ω
1
Y ,OX)→ 0.
The groups Extkψ(Ω
1
Y ,OX) an be omputed as the limit of two spetral
sequenes with E2-term Ext
p(Lqψ∗Ω1Y ,OX) or Ext
p(Ω1Y , R
qψ∗OX) and sine
the map ψ is at and nite we have equalities
Extkψ(Ω
1
Y ,OX) = Ext
k
OY
(Ω1Y , ψ∗OX) = H
k(Y,TY ⊗ψ∗OX)
= ExtkOX (ψ
∗Ω1Y ,OX ).
The rst haraterisation an be used to ompare deformations of X and
deformations of ψ: the push-forward of the struture sheaf of X is loally
free of rank d on Y and using the trae map we an split it as a diret sum
(2) ψ∗OX = OY ⊕Q,
the trivial summand orresponding to funtions on X whih are pullbak of
funtions on Y .
Lemma 3.1 If
(3) ExtiY (ΩY ,Q) = 0 for i = 0, 1
then T
0
ψ = T
0
X , T
1
ψ = T
1
X and T
2
ψ →֒ T
2
X , thus Defψ → DefX is étale and
every deformation of X is indued by a deformation of the map ψ.
Proof. The deomposition (2) indues a deomposition
Extjψ(Ω
1
Y ,OX) = H
j(Y,TY )⊕ Ext
j
Y (ΩY ,Q) = T
j
Y ⊕H
j(Y,Q⊗TY )
that ombined with (1) yields an exat sequene
(4) 0→ T0ψ → T
0
X → H
0(Y,TY ⊗Q)→ T
1
ψ → T
1
X → H
1(Y,TY ⊗Q)
→ T2ψ → T
2
X → H
2(Y,TY ⊗Q)→ 0.
By assumption the fourth and the seventh term in the sequene vanish yield-
ing immediately the laimed relationship between T
i
ψ and T
i
X . The state-
ment on deformations then follows from [FM98, Lemma 6.1℄. 
In order to ompare further with deformations of Y we have to use the
seond haraterisation of Extjψ(Ω
1
Y ,OX ). The sheaf of relative dierentials
ΩX/Y , dened via the exat sequene
(5) 0→ ψ∗Ω1Y → Ω
1
X → ΩX/Y → 0,
is supported on the ramiation divisor R. We want to apply the funtor
HomX(−,OX) to this sequene.
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Lemma 3.2 Let R = R1+· · ·+Rr be a deomposition of R into irreduible
omponents and let di ≥ 2 be the ramiation order along Ri. Then
ExtjX(ΩX/Y ,OX)
∼=
r⊕
i=1
di⊕
k=2
Hj−1(Ri,ORi(kRi)).
In addition, there is a natural inlusion
Hj−1(B,OB(B)) →֒ Ext
j
X(ΩX/Y ,OX)
whih in the ase where ψ is indued by the ation of a group G identies
Hj−1(B,OB(B)) with G-invariant elements in H
j−1(R,OR(ψ
∗B)).
Proof. The rst laim is loal along eah omponent of R (reall that we
assumed R to be smooth) so that we may assume that R is irreduible and
that ψ : X → Y is yli of degree d, ramied along R. Let p be a point
in R and let (x1, x2) be loal oordinates entred at p suh that loally
R = {x1 = 0} and ψ(x1, x2) = (x
d
1, x2). Thus in a neighbourhood U around
p the inlusion ψ∗Ω1Y →֒ Ω
1
X in (5) beomes
OUd(x
d
1)⊕OUdx2 →֒ OUdx1 ⊕OUdx2.
In the seond variable, i.e., in the otangent diretion along R, this is an
isomorphism. In the rst variable we get the struture sheaf of O(d−1)R (sine
d(xd1) = x
d−1
1 dx1) tensored with the onormal bundle N
∗
R/X = OR(−R). As
an OR-module O(d−1)R is generated by powers 1, x1, x
2
1, . . . , x
d−2
1 of the loal
equation of R, whih are also loal generators of OR(−kR). Thus
ΩX/Y ∼=
d−1⊕
k=1
OR(−kR).
To ompute the Ext-groups we will use Grothendiek duality for the losed
embedding R →֒ X and thus need the relative dualising sheaf
ωR/X = OR(KR)⊗OX(−KX)|R = (OX(KX +R)⊗OX(−KX)) |R = OR(R).
Then
ExtjX(ΩX/Y ,OX) = Ext
j−1
R (ΩX/Y , ωR/X)
= Extj−1R (
d−1⊕
k=1
OR(−kR),OR(R))
= Hj−1(R,
d⊕
k=2
OR(kR)).
For the seond assertion note that ψ∗B = dR and thus ψ∗OB(B) =
OR(dR). Taking ohomology and using the above result we get
Extj+1X (ΩX/Y ,OX) ⊃ H
j(R,OR(dR)) = H
j(B,ψ∗ψ
∗OB(B))
= Hj(B,OB(B)⊗ψ∗OR) ⊃ H
j(B,OB(B))
where in the last step we used the trae map to split o a trivial summand
from ψ∗OR; this orresponds to splitting o the part that is invariant under
the monodromy ation whih proves the last assertion. 
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Proposition 3.3  Let V
j := Extj+1X (ΩX/Y ,OX )/H
j(B,OB(B)). There
is a natural exat sequene
(6) 0→ T0ψ → T
0
(Y,B) → V
0 → T1ψ → T
1
(Y,B) → V
1 → T2f → T
2
(Y,B) → 0
whih ompares deformations of ψ and deformations of the pair (Y,B).
Proof. Both the sequene (1) and the long exat sequene obtained by apply-
ing Hom(−,OX) to (5) feature the spaes Ext
i
ψ and T
i
X . Comparing them,
a simple diagram hase allows to onstrut a third long exat sequene
(7) 0→ T0ψ → T
0
Y → Ext
1
X(ΩX/Y ,OX)→ T
1
ψ → T
1
Y
→ Ext2X(ΩX/Y ,OX )→ T
2
ψ → T
2
Y → 0.
Using instead of a diret sum deomposition the short exat sequene
0→ Hj(B,OB(B))→ Ext
j+1
X (ΩX/Y ,OX)→ V
j → 0
we an relate (7) to the deformations sequene of the pair (Y,B)
(8) 0→ T0(Y,B) → T
0
Y → H
0(Y,OB(B))→ T
1
(Y,B) → T
1
Y
→ H1(Y,OB(B))→ T
2
(Y,B) → T
2
Y → 0.
obtaining the laimed sequene (6). 
Let us now apply the above to very simple Kodaira brations.
Theorem 3.4  Let ψ : X → Y := C × C be a very simple Kodaira
bration, S ⊂ Aut(C) suh that the branh divisor B =
∑
σ∈S Γσ. Let H be
the subgroup of Aut(C) generated by S. Assume further ondition (3) holds.
Then DefX ∼= Def (C,H) is smooth of dimension dimH
1(C,TC)
H
and the
germ of the moduli spae at X (MKFX , [X]) is redued with only nite quotient
singularities.
In partiular this holds if ψ is a yli overing.
Remark 3.5  For sake of simpliity we stated the Theorem only for very
simple Kodaira brations but with the neessary hange of notation it holds
for standard Kodaira brations as well. It would be nie if we ould improve
Theorem 1.7 so far as to say that the MX is isomorphi to Mg(C)(H) as a
sheme but we do not have suient ontrol over the automorphism group
of a (standard) Kodaira bration.
Note that Kodaira brations behave quite dierently from other ramied
over onstrutions, say ramied overs of P2 or P1 × P1. In the latter ases
all deformations are indued from deformations of the branh lous in a
xed ambient spae, while in our ase the branh divisor is rigid in Y and
all deformations of X neessarily indue deformations of Y .
Proof. We have nearly everything in plae. The assumptions of Lemma 3.1
are satised and thus we an replae T
i
ψ by T
i
X in sequene (6). Sine B is
omposed of the graphs of the automorphisms in S and these generate the
group H we an also replae Ti(Y,B) by T
i
(C,H).
For Kodaira brations V
0 = Ext1X(ΩX/Y ,OX )/H
0(B,OB(B)) = 0: let
Ri be a omponent of the ramiation divisor mapping to Bi. Calulating
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intersetion numbers we see that R2i = dB
2
i = d(2 − 2g(Bi)) < 0 and thus
for all k > 0 the degree of OR(kR) is negative on every omponent of R. In
partiular, none of these line bundles has global setions and by Lemma 3.2
Ext1X(ΩX/Y ,OX) = 0, thus V
0 = 0.
The remaining part of the sequene (6) is
0→ T1X → T
1
(C,H) → V
1 → T2X → T
2
(C,H) → 0
and we see that T
1
X injets into T
1
(C,H).
By [Tuf93℄ we know that Def (C,H) is smooth of dimension dimH
1(C,TC)
H
and the disussion in Setion 6 of [CR09℄ shows that every deformation of
(C,H) (or equivalently (Y,B)) indues a deformation of X. Thus we have
T
1
X
∼= T1(C,H), all innitesimal deformations are unobstruted and DefX is
smooth of dimension dimH1(C,TC)
H
.
Loally the moduli spae MX is obtained as a quotient of DefX by a
subgroup of Aut(X). The latter is nite sine X is of general type and thus
MX has only nite quotient singularities.
That yli overings satisfy (3) is the ontent of the next Lemma. 
Lemma 3.6  If ψ : X → Y as in Theorem 3.4 is a yli overing, then
(3) holds.
Proof. The tangent bundle of Y = C × C is a diret sum of line bundles
TY = pr
∗
1TC ⊕ pr
∗
2TC . If ψ is yli of degree d then ψ∗OX
∼=
⊕d−1
i=0 L
−i
for
some line bundle L suh that Ld ≡ OY (B), so Q =
⊕2
j=1
⊕d−1
i=1 L
−i⊗ pr∗jTC
and we an treat eah of these line bundles separately. A simple alulation of
intersetion numbers using the Nakai-Moishezon riterion shows that all line
bundles Li⊗pr∗jΩC are ample for 1 ≤ i ≤ d − 1 and by Kodaira vanishing
their inverses do not have ohomology in degree 0 and 1. Thus the same
holds for their diret sum and (3) holds in this ase. 
We believe that ondition (3) holds in many more ases but have no on-
venient vanishing result to prove this. For example, Q has been proved to
be negative when restrited to urves in Y (see [KP08℄) but even if we ould
show that Q∗⊗pr∗jΩC is ample this would not yet imply our ondition (3).
3.2. Deformations of the degenerations. We an study the deformations
of a stable degeneration X in the boundary M
KF
\MKF muh in the same
way as in the smooth ase above but several additional diulties arise.
We will need the explit desription from Theorem 2.7 and some additional
notation: there is a diagram
X
ψ

E
  r // Y
pi

B?
_joo

C × C B0?
_j0oo
where
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• C is a stable urve,
• B0 =
⋃
i Γφi is a (not neessarily disjoint) union of graphs of auto-
morphisms of C,
• B is the proper transform of B0 and eah onneted omponent of
B is isomorphi to C,
• π is a birational map with exeptional divisor E =
⋃
iEi and Ei
∼=
P1,
• ψ is a ramied overing with Galois group G.
We denote by ν : Y ν → Y the normalisation, by D the double lous of Y and
by D¯ its pullbak by ν. Eah omponent of D¯ is a normal rossing divisor
and its singularities map to the degenerate usps of Y .
Note that, sine everything is a loal omplete intersetion we still have
T iX = Ext
i(ΩX ,OX ) and likewise for Y and C ×C.
3.2.1. Comparing deformations of X and deformations of the pair (Y,B).
Let Q and Vi be dened as in Setion 3.1.
Proposition 3.7  If Exti(ΩY ,Q) = 0 for i = 0, 1 then we have an exat
sequene
0→ T1X → T
1
(Y,B) → V
1 → T2X → T
2
(Y,B) → 0.
The required vanishing holds if the over ψ is yli.
This an be proved along the same lines as Theorem 3.4 heking that all
steps go through in the neessary generality. Both B and the ramiation
divisor are Cartier divisors, and where they meet the singular lous they
loally look like V (z) ⊂ SpecC[x, y, z]/(x, y). A loal omputation shows
that the onlusion of Lemma 3.2 still holds.
Sine B is a Cartier divisor in Y and ΩY has no torsion along B we
also have the standard exat sequene (8) for deformations of pairs [Has99,
Proposition 3.1℄ and also Proposition 3.3 generalises to this setting.
It remains to hek the vanishings V
0 = 0, and Exti(ΩY ,Q) = 0 for
i = 0, 1 for yli overings. This an be done omponentwise on the nor-
malisation.
3.2.2. Comparing deformations of the pairs (Y,B) and (C×C,B0). We start
with some loal omputations:
Lemma 3.8 With π : Y → C × C as above we have
(i) π∗OY = OC×C and R
qπ∗OY = 0 for q > 0.
(ii) The sequene
(9) 0→ π∗ΩC×C → ΩY → ΩY/C×C → 0
is exat, ΩY/C×C ∼= r∗ΩE and L
qπ∗ΩC×C = 0 for q > 0.
Proof. Both parts an be proved loally: let A = C[x1, . . . , x4]/(x1x2, x3x4),
V = SpecA and U = V (zx1 − yx3, zx4 − yx2) ⊂ P
1
V . We get a diagram
U
  //
pi

A4 × P1

V
  // A4
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The rst part of (i) holds beause C ×C is Cohen-Maaulay, in partiular
S2. For q ≥ 1 note that, V being ane, Rqπ∗OY is the sheaf assoiated to
the A-module Hq(U,OU ), whih sits in an exat sequene
0 = Hq(A4 × P1,OA4×P1)→ H
q(U,OU )→ H
q+1(A4 × P1,IU ).
Sine A4 × P1 an be overed by 2 ane pathes the eh-omplex for IU
has length 2 and thus Hq+1(A4 × P1,IU ) = 0 for q ≥ 1. So H
q(U,OU ) = 0
for q ≥ 1 and (i) follows.
The proof of (ii) is a straightforward loal omputation: the sequene
0 → IV /I
2
V
∼= O⊕2V
η
→ ΩA4 |V → ΩV → 0 is a loally free resolution of ΩV .
Taking the pullbak with π and restriting to the ane subset where (for
example) y 6= 0 one only needs to hek that π∗η is injetive, its okernel
injets in ΩU and ΩU/coker(π
∗η) ∼= Ωpi−1(0). 
Lemma 3.9 If L is a line bundle on Y then
ExtiY (ΩY/C×C , L)
∼= H i−1(E, r∗L).
Proof. The inlusion r : E →֒ Y fators over the normalisation ν : Y ν → Y
by hoosing for eah omponent of E one of its preimages in the normalisa-
tion, we write r = ν ◦ r′. Then by relative duality both for ν and r′
ExtiY (ΩY/C×C , L) = Ext
i
Y (r∗ΩE, L) = Ext
i
Y (ν∗r
′
∗ΩE, L)
= ExtiY ν (r
′
∗ΩE, ν
∗L⊗ων) = Ext
i
Y ν (r
′
∗ΩE(D¯), ν
∗L)
= ExtiE(ΩE(D¯), r
∗L⊗ωr′) = Ext
i−1
E (ΩE(D¯ − E), r
∗L)
= H i−1(E,OE(E − D¯ −KE)⊗ r
∗L) = H i−1(E, r∗L)).

Proposition 3.10  All innitesimal deformations of the pair (Y,B) in-
due non-trivial deformations of C × C and thus of the pair (C × C,B0).
Proof. By Lemma 3.8 (i) the spetral sequene
Extp(Ω1C×C , R
qπ∗OY )⇒ Ext
p+q
pi (ΩC×C ,OY )
degenerates and Extipi(ΩC×C ,OY ) = Ext
i
C×C(ΩC×C ,OC×C) = T
i
C×C . Plug-
ging this in the sequene (1) we get isomorphisms T ipi
∼= T iY for all i.
By Lemma 3.8 (ii) the spetral sequene
Extp(Lqπ∗Ω1C×C ,OY )⇒ Ext
p+q
pi (ΩC×C ,OY )
degenerates as well and we get a long exat sequene as in (7) for the map
π. Using the isomorphism Tipi
∼= TiY there is a diagram with exat rows and
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olumns
Ext1Y (ΩY/C×C ,OY )

δ
))R
RR
RR
RR
RR
RR
RR
R
0 // T
1
(Y,B)
//

T
1
pi
//

H1(B,OB(B))
T
1
(C×C,B0)
// T
1
C×C .
We laim that the map δ is injetive. Assuming this, every innitesimal
deformation of the pair (Y,B) indues a non-trivial deformation of C × C
and, by omposition with π a deformation of (C × C,B0).
The map δ an be fatored δ = β ◦ α in the diagram
Ext1Y (ΩY/C×C ,OY ) //
α

Ext1Y (ΩY ,OY )

Ext1Y (ΩY/C×C , j∗OB) // Ext
1
Y (ΩY , j∗OB) Ext
1
B(j
∗ΩY ,OB)

Ext1B(j
∗r∗ΩE ,OB)
β
// Ext1B(OB(−B),OB)
The kernel of α is a quotient of
Ext1Y (ΩY/C×C ,OY (−B)) = H
0(E,OE(−B)) = 0(Lemma 3.9)
so α is injetive.
Now we analyse β: let D =
∑
Pi be the Weil-divisor of nodes on B,
ν : B˜ → B the normalisation and D¯ = ν∗D. Note that OB(−B) is ample
on B.
Then j∗r∗ΩE ∼= OD and β arises by applying Ext
i
B(−,OB) to the exat
sequene
0→ ID⊗OB(−B)→ OB(−B)→ OD → 0.
By Serre duality this Ext-sequene is the dual of the long exat sequene in
ohomology assoiated to
0→ ID⊗ωB(−B)→ ωB(−B)→ OD → 0
and the map β is injetive if and only if
β∨ : H0(B,ωB(−B))→ H
0(OD)
is surjetive if and only ifH1(B,ID⊗ωB(−B)) = 0 beauseH
1(B,ωB(−B))
vanishes.
Loal omputations at one node yield 2 exat sequenes
0→ ID⊗ωB(−B)→ ν∗ν
∗(ID⊗ωB(−B))→ O
⊕2
D → 0,
0→ OD¯ → ν
∗(ID⊗ωB(−B))→ ID¯⊗ ν
∗ωB(−B)→ 0.
Sine H1(B˜,OD¯) = 0 = H
1(B˜, ν∗ωB(−B)) = H
0(B˜,OB˜(−D¯)⊗ ν
∗OB(B))
∨
we also have H1(B˜, ν∗(ID⊗ωB(−B))) = 0.
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Combining both sequenes to a diagram with exat row and olumn
0

H0(B˜,OD¯)

η
))SS
SS
SSS
SSS
SS
SS
H0(B˜, ν∗(ID ⊗ωB(−B)))
γ
// H0(B,O⊕2D )
// H1(B, ID ⊗ωB(−B)) // 0
we see that the omposition η is an isomorphism, thus γ is surjetive and
H1(B,ID⊗ωB(−B)) = 0. Therefore β and hene δ are injetive whih
onludes the proof. 
We an nally prove the main result of this setion where we use the same
notation as above.
Theorem 3.11  Let N be a onneted omponent of M
KF
and N its
losure in the moduli spae of stable surfaes. If for all degenerations X in
N \ N we have Exti(ΩY ,Q) = 0 for i = 0, 1 then N is a onneted and
irreduible omponent of the moduli spae of stable surfaes.
Proof. Combining Proposition 3.7 and Proposition 3.10 we see that for
every degeneration X we get T1X →֒ T
1
C×C,B0
= T1(C,H). By our previous
study of degenerations this implies T
1
X = T
1
(C,H) and all deformations of
X are in fat degenerations of smooth Kodaira brations as desribed in
Theorem 2.7. 
Sine yli overings satisfy the assumptions of the theorem we get
Corollary 3.12  If ψ : X → C × C is a smooth very simple Kodaira
bration suh that ψ is a yli overing then M
KF
X is a irreduible and
onneted omponent of the moduli spae of stable surfaes.
Remark 3.13  The vanishing onditions we require are not stritly nees-
sary for our result. But if we relax them it might well happen that either
there are innitesimal deformations of X that do not give rise to innitesimal
deformations of ψ or that some innitesimal deformation of both X and ψ
is obstruted for ψ but not for X. Does suh behaviour atually our for
double Kodaira brations or their degenerations?
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